JOURNAL OF
;@ Mathematical
ECONOMICS

www.elsevier.com/locate/jmateco

ELSEVIER Journal of Mathematical Economics 38 (2002) 249-

Default and efficient debt markets
Jayasri Duttd*, Sandeep Kaptr

@ Department of Economics, University of Birmingham, Edgbaston, Birmingham B15 2TT, UK
b Department of Economics, Birkbeck College, Birkbeck, UK

Received 16 January 2000; received in revised form 26 May 2001; accepted 14 May 2002

Abstract

We examine the nature of debt contracts when repayment of debt cannot be fully enforced. We
study outcomes an infinite-horizon economy in which some individuals have access to a productive,
intertemporal technology. Individuals without access to the technology must lend their savings to
the rest. Borrowers can default on their debt at any time: lenders can capture a fraction of their
investment incomes. Borrowers who default stand to lose the right to borrow in the future. These
constitute the penalties oapture andexclusion.

We evaluate debt and repayment paths that can be sustained in this these penalties. The set of
allocations that can be supported by default-free debt is fully characterized; this set is non-empty,
convex, and contains a subset that is fully efficient.

We then evaluate the role of debt contracts in decentralizing constrained optima. Debt contracts
that involve two-part pricing are shown to support efficient allocations subject to the no-default
constraint. Efficiency is compatible with anonymous contracts.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

We consider the extent of debt, and the nature of debt contracts, inaworld where borrowers
can default on debts. Our main interest lies in characterizing debt markets that support
efficient investment and consumption paths.

The economy, and all participants, have an infinite-horizon. Individuals differ in access
to an intertemporal production technology. The need for borrowing and lending arises from
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this: those who do not have direct access to production lend their savings to those who do.
Borrowers can default their debts, and lenders cannot enforce full repayment directly. We
assume that partial repayment can be directly enforced: lenders can capture a pragdrtion
investmentincome. In addition, a borrower in default can be excluded from debt markets: he
is then unable to borrow again. We evaluate the properties of consumption, investment, debt
and repayment paths that can be sustained by the twin penaltiesapfure andexclusion;
characterize the set of efficient allocations that can be so sustained; and deduce the structure
of one-period debt contracts that can support these constrained efficient allocations.

Adebtplan, specifying a path of borrowing and repayments, can be sustained if borrowers
do not default at any time and lenders do not capture their funds. For a debt plan to be
default-free, the continued ability to borrow must generate a stream of rents for the borrower.
For debt to be capture-free, lenders must earn enough from debt repayments. As default
and capture are options available at every point of time, sustainable paths must promise
sufficient future income to both sides at all times. Accordingly, sustainable debt plans must
satisfy infinitely many inequality constrainfBheorem Icharacterizes debt plans that can
be sustained.

In Theorem 2 we evaluate the implied restrictions on consumption allocations. The
sequence of constraints on debt plans are equivalent to a single constraint on the path
of aggregate consumption. The set of sustainable allocations is hon-empty and convex.
Any sustainable consumption allocation can be supported by at least one feasible and
sustainable debt plan. This characterization is particularly useful in analyzing efficiency,
as well as decentralization. We show, Tiheorem 3 that a subset of fully efficient, or
first-best allocations, can be sustained; and that the set of efficient, sustainable allocations
is non-empty for each, monotonically increasing ii, and coincides with the set of fully
efficientallocations wheh = 1. Hence, any efficient allocation can be sustained for saome

Turning to decentralization, we show, Tiheorem 4that efficient and sustainable allo-
cations can be achieved by trading in one-period debt contracts. These contracts involve
two-part pricing. Lenders pay a fixed fee every period in order to participate in debt mar-
kets, and then earn a common marginal rate of return on their loans. At the margin, this
rate of return equals the marginal productivity of capital. This last is, of course, a familiar
characteristic of first-best paths. The fixed fee is paid to borrowers, and generates the rents
that are necessary to prevent default. The marginal price is common to all debt contracts;
the fixed fee is typically personalized. This is necessary if we want to implement all of the
efficient solutions; an anonymous debt-contract achieves one of these efficient allocations.
The allocation achieved by a competitive equilibrium can be reachedsifarge enough
relative to the distribution of endowments. The associated debt contract involves a two-part
tariff whenever. < 1. Thus, in the absence of full enforcement, Walrasian allocations can
be sustained only with non-Walrasian contracts.

The possibility that repeated trade may achieve superior outcomes in environments of
limited enforcement has been a persistent theme in several papers, startinglieom
(1981, 1985), Green (1987), Bulow and Rogoff (198@any recent approaches, such as
Kimball (1988), Atkeson and Lucas (1992), Kehoe and Levine (1993), Coate and Ravallion
(1993), Thomas and Worrall (1994), Kocherlakota (19@6aluate the role of exclusion as
a threat in enforcing trade in exchange economies with individual endowment uncertainty.
Typically, inthese problems, individuals trade contracts, or securities for insurance purposes.
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These contracts pay positive amounts when their income is low, and negative when income
is high. Individuals who renege on these payments, and suffer the penalty of exclusion.
They will do so unless the right to continue trade is sufficiently valuable: in an exchange
economy, this simply requires that equilibrium utility levels are large enough relative to
autarky.

This approach runs into some difficulties in situations where participants are able to save,
independently of access to markets. An individual with access to storage can plan to default
on their payments; excluded from asset markets, they can consume their savings for the
rest of their lives. This possibility raises the incentive to default, and lowers the deterrent
effect of exclusion. Typically, this reduces the set of outcomes which can be sustained by
repeated trading with the threat of exclusion. Emphasized first by Allen (1984), this insight
was used to derive a significant impossibility resultBylow and Rogoff (1989)With
complete, competitive markets, the threat of exclusion cannot deter default by sovereign
countries: sovereignty implies= 0 in our terminology. Storage, or investment, is central
to our problem. Individuals who have access to storage are precisely the ones who are
likely to default. The right to borrow is valuable only if it commands rents. The penalty of
exclusion has a deterrent effect if these rents are sufficiently high. We simplify the problem
in other respects by assuming that there is no uncertainty in production or endowments.
The negative result of Bulow and Rogoff—that borrowing and lending cannot be sustained
if » = O—continues to be true. For positive capture rates, some amount of default-free debt
can be sustained.

Section Xets out the model. IBection 3we demonstrate efficient allocations in a setting
of full, and costless enforcement. The possibility of default, and the effect of penalties, are set
out in Section 4 the two penalties impose incentive-compatibility constraints on the entire
path of debt. Debt plans, and consumption allocations that can be sustained by the threat
of exlusion are fully characterized Bection %in Section 6 we find constrained efficient
allocations, and show that a subset of fully efficient paths are sustainalflection 7we
turn to decentralization of these constrained efficient allocations. Specifically, we propose
debt contracts which require two-part pricing, as a participation fee plus return on loans,
and show that every constrained efficient allocation path can be achieved as an equilibirum
in an economy with two-part debt contracts, and redistribution of endownteatsion 7
concludes.

2. The economy
We consider an economy with a continuum of infinitely-lived individuals, indexed by

h € [0, 1]. Time is discretef = 0,1, 2,.... There is one aggregate commodity each
period, which can be consumed or invested. Individual preferences are represented by

> B'U(er
t=0

wherecy: > 0 is the consumption of individudl at timer, andg € (0, 1) their common
discount factor. Individuals differ in endowments and in access to productive technologies.
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The counting measure is assumed uniform on [0,1], i#&) & di foreach O< 2 < 1. We
make several simplifying assumptions.

Assumption 1 (Preferences). The period utility function is

cl—a.
1-0’

o> 0.

U() =

Assumption 2 (Endowments). Individuak has endowment;,o > 0 in the initial period,
and 0 thereafter. The aggregate endowmentab iseg = fol epo dh.

Assumption 3 (Technology). The economy has a production technology that yields output
y; according to

Vi1 = (14 p)ks; k>0

wherek; is the amount of capital investedraCapital depreciates fully on use. The parameter
p > 0 satisfies the restriction

Bl+p)t o <1

These assumptions imply that an efficient path exists. This path displays sustained growth
in consumption wheneves(1 + p) > 1, which is compatible withAssumption 3 The
assumption is familiar from the analysis of convex models of growthJerges and Manuelli
(1990). This version is often called th&— model.

The next assumption is crucial for our analysis.

Asumption 4 (Access). Let O< = < 1. Individualk has direct access to the production
technology if, and only if: > 7.
Individuals who have direct access to the intertemporal technology can use this to transfer
income and consumption over time. The rest can do so only by lending to them. Define
e = fé’ ey, dh, the total endowment of potential lenders.

Finally, we define concepts used repeatedly in our analysis. We write

X = {x¢, Xt+1, Xt 425 - - - }

for an infinite sequence starting framobviously, Xo describes an entire path. Thaue
of this sequence, discounted at ratas

o
Xt+i
Xt = .
! XE) 1+ p)f
1=

A consumption plan for individual & is
Cno={cho, ... cht, ...} cnt = 0.
An allocation is a collection of consumption plans for all individuals

Co=[Cho; 0<h <1].
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Similarly, aninvestment plan is
Kno = {kno - - - knt, - .-} kno = 0,

whereky; is investment in individuak’s technology. Arinvestment allocation satisfies the
access restrictioyfo” knt dh = 0, and is defined by

Ko =lkjo; m < j <1].

Letc, = fol cht dh andk, = fﬂl knt dh be aggregate consumption and investment levels at
An allocationCy generates an aggregate consumption glga= {..., ¢, ... }; similarly,

an investment allocation generates an aggregate investmenkplan{..., k;,...}. An
individual consumption pla;,g has vaIueCho, and generates utility

o0

V(Cio) = Y B'U (cry).

=1

We note that valuation, and preferences are both recursive: a continuati@nplewvaluated
from period, is of valueCr‘; and yields utilityV (Chy).
Finally, we write

T 1 T 1
e = / ey, dh; ey = [ epdh; Lt = / chidh; CHt = / chidh
0 T 0 b4

for endowments and consumption levels of the types of individuals in the economy.

3. Efficient allocations

An allocationCo = [Cpo; 0 < h < 1] isfeasibleif it can be generated by an investment
allocation satisfying access restrictions, such that

1 1
/ [cho — enoldh + / kjodh <0;
0 k4

1 1
/ che dh +/ [kjt — (L+ p)kj;—1]dh <O; ki >O0formr < j <1
0 T

Most aspects of the model are well understood. We want to draw attention to three properties
that are important in our analysis.

Property 1 (Feasibility). Let Cp be an allocation, and Co the associated aggregate con-
sumption plan. Cp isfeasibleif, and only if, Co satisfies

> <e (F).
— + p)f
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This condition obtains by recursing the constraints k, < (14 p)k;—1, and verifying
thatc, +k, > Owhenever itis satisfied. This representation is particularly useful in obtaining
efficient paths. The utility o€}, is V (Cj0). An efficient allocation solves a program

1
max/ V(Cho) w(h)dh  (Py)
0

subject to F), for some weight functiom (#) satisfyingw (k) > 0 andfol w(h)dh = 1.

Property 2 (Efficient paths).Let 14+-6 = [8(1+p)]Y/?. Along any efficient path, aggregate
consumption is

p—0
1+p

¢y = €o ; cf =cf(1+0).

Individual consumption levelsare cf, = y (h)c;, where y (h) = w(h)l/”/folw(h)l/“dh.

We note thalAssumption 3mpliesd < p; and tha® > 0 wheneveB(1+ p) > 1. The
efficient path of aggregate consumption is independent of welfare weighjsindividuals
consume a stationary fraction of aggregate consumption. This is, of course, a consequence
of the fact that the period utility functions are homothetic. Along the optimal path, aggregate
levels of investment and output are

1_%

k= (1+6)" Tio

i =(1+6)e.

Aggregate savings are invested in some or all of the technolagies . With constant
returns to scale, and no capacity constraints, it is a matter of indifference whether some
of these are kept idle. However, becausés$umption 4we know that the efficient path
requires non-trivial transfers between individuals with and without access, which we can
interpret as borrowing and lending.

Property 3 (Efficientdebt). Let Cy beanefficientallocation; and y;, = ¢{,/c} = fé’ y (h) dh.
An efficient path implies borrowing and lending whenever y; > 0. Aggregate debt levels
are

1+96
df = yLki = J’Lmyl*é
with repayments
v = L+ p)dy.
In a world where debt repayments can be enforced at no further cost, borrowers do not

default on their debts; and competetive capital markets achieve an efficient path. Borrowers
compete for funds to invest. The demand for borrowing is finite only if the interest rate equals
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the return on capital every period. At these prices, individuals with access to technology
borrow; the rest lend their savings.

Property 4 (Competitive equilibrium).Competitive equilibrium attains an efficient allo-
cation, which correspondsto y¢(h) = ejo/eo, i.€.

er
=—c df =—k
Cht 0 G ET
wheree, = o eno dh. Any efficient path can be acheived as the competitive equlibrium of
an economy following some redistribution of endowments.

The volume of trade in capital markets is a positive, and constant fraction of national
income. It grows at the rate, as do consumption and total investment. This is a natural
outcome if debt repayment can be enforced at no further cost to lenders. Our interest lies
in environments where this is not true, which we turn to next.

4. Default and penalties

The possibility and implications of default are easy to describe. Imagine that an individual
without access to the productive technolgy lends an amétmindividual who has access.

The latter invests this amount and, next period, is in possession of investment income
d(1+ p) and owes the promised amounb the lender. It is possible to default, and simply

not payv. If there are no methods of enforcing repayment, or penalties to deter default, a
rational borrower will, indeed, renege wheneves 0: in anticipation of this, there can be

no lending.

We consider two ways to sustain debt repayment. The first, caefiplire, describes
direct, but partial, enforcement. A creditor can capture a fraction of the investment income
from her funds. Let O< A < 1 be this capture rate. A lender who lentisats can capture
A(1+p)d; att+1. Accordingly, aborrower in default can only abscond with 1) (14 p)d; .
Importantly, we assume that a creditor cannot capture the income from private investments
by the borrower, or, indeed, that from other creditors’ funds. The facility of capture is only
available for one period, and lapses thereafter. This is natural in a world where production
takes one-period, and capital depreciates fully. We consider an additional penalty imposed
on debtors in default, which iexclusion. A borrower who defaults on his loans cannot
borrow again.

In the following, we characterize the extent to which default-free trade can be enforced
by a combination of these methods. The facility of capture can sustain some amount of
borrowing and lending whenever > 0. Borrowers do not gain from default if repay-
ments arey; 11 < d;(1+ p)A. We examine the incremental value of the exclusion penalty.
The argument is constructive, and in several steps. For exclusion to be a viable penalty,
some individuals must have the right to borrow in the first place. We denote thig lay
{0, 1}, wherebry = 1 indicates that individuak has the right to borrow at time Bor-
rowing rights are allocated to some individuals with accégss:= 1 = h > =. A bor-
rower can choose to default at any timethis is a choice of actiody; € {0, 1}, where
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1 corresponds to default. The penalty of exclusion is the rule that borrowing rights cease with
default:

bt = bpi—1(1 — Snp).

Lenders, similarly, can exercise their right of capture, indicateghby {0, 1}. With,o, = 1
indicates capture at

A debt plan, which specifies levels of debt and repayment to borrowers every period, is
said to be sustained if borrowers do not defadjb: = 0 at allz > 1; and lenders do not
capture the investment incoms;:(1 — brt) = O for eachy > 1. In the rest of this Section,
we characterize the property of debt contracts and plans that can be sustained by the twin
penalties of capture and exclusion.

4.1. Lending and capture

Individuals without access are potential lenders. iLet [0, 7) denote such a person,
who lends her entire savingdn order to choose her consumption-savings path, she needs
a list of repayments associated with each possible level of savings. Thisisbtientract
ats, vi r+1(s), which promises repayment levalg, 1(-) atz + 1 for each non-negative
level of savings at. We note that these are one-period debt contracts; and that they may be
personalized, withy; (s) # v;/(s).

At eacht, lenderi choosessi—whether or not to capture her funds—as well as her
consumption and savings levetls, sit. Her incomes are

xit = (1 — oi)v; 1 (8i.1—1) + oit A(L+ p)si -1
at eachr > 1. Budget constraints are
sittet <xi, =1

with ¢, sit > 0; the last restriction reflects the fact that she cannot borrow, and finances
consumption and further savings from current income.

Lemmal. LetO <i < 7, and b;p = 0. Lender i does not capture her funds at any time,
i.e ojt = 0for eachr > 1if, and only if

Vit(sir—1) = AL+ p)si—1 (1)
ateachr > 1.

Lemma 1is self-evident: capture rights are exercised only if they increase income, in the
period where repaymentis due. The only substantive issue i3 fhadgtricts the repayment
schedules; ;1 1(.) at the points;, rather than globally.

1 Individuals with access to technology can invest rather than lend, if denied borrowing rights; they will do so
because investment yields at least as much as debt.
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4.2. Borrowing and default

Some individualsj, with access to the technology have the right to boro)y:= 1 =

7 < j < 1. Any such borrower foreseesdebt plan, specifying amounts to be bor-
rowed, agijt, and repayments, ag 1, foreacty > 0. LetZ;o = (Djo, Vj1) ={... s =
(djt, vj+1), ...} bethe debtplanavailable joAteacly, he chooses € {0, 1}—whether
or not to default, as well as his consumption and investment leyeks. Borrowing rights
cease with default:

bjO =1, bjt = bj,t—l(l — 3]1), for > 1.
Actual borrowing is

dit = ditby.
The debt plar¥ ;o generates earnings:

xit= L= 8§l + p)dj 1 — vl + L — V(A + p)dj-1; 1= 1
Borrower’s budget constraints are

ct+Lit=QAQ+p)j—1+xj,, for t>1

with ¢jt, Iy > 0. We emphasize thd}; refers to the borrower’s private investment, which
cannot be confiscated in the event of default. Thus, incentives to default or reppaind
entirely on the income streaiy;. We have written the budget constraints to maintain this
distinction between incomes that are susceptible to confiscation. Total investmgsat in
technology iskjt = djt + .

Lemma?2. Letw < j < 1,and bjo = 1. Borrower j does not default at any time, i.e.

§it =0ateachr > 1,if, and only if Z ;¢ satisfies

dji—1+i(L+p) —v;
1+ p)i

A=A+ p)dj 1<y =Xt )
i=0

ateachr > 1.

Proof. We note, first, that borrowgrhas access to the productive technology; and compares
any pair of income streams by their present values. Suppese 1. Let X;F(Sjt) be the
value of income streams resulting from actiépse {0, 1}. From the definitions,

Xf(l) =dj—1(1+ p)(1—A);
and
+1 41
1+p

Borrower j chooses to repay i;"(0) > X;"(1). If X;,(0) > X7, (1) foralli > 0, we
have conditionlf), and that

Xjf = X;{(0) = A1+ p)D], 1 =V},

max[X;" ,(0), X, (D]

XH0) =dj—1(1+p) —vj, + O

as stated.
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A borrower who never defaults earmg = (1 + p)djt—1 — vjt each period. Borrowers
choose to repay debts in order to maintain the right to borrow. This right is valuable because
it generates positive income!éjf is the value of the debt plaZi;. We note thatl() implies

XJ-T > (1— M1+ p)d;j -1, which is strictly positive whenevef; ;_; > 0 andi < 1.
Competitive capital markets generate debt plans mﬁml = djt(1+ p): this plan cannot
sustain default-free debt with partial enforcement.

Corollary 1. A competitive debt plan satisfies
vi1(d) = (1+ p)d.
This plan is consistent with default-free debt, DG > 0if, and only if, A = 1.

A competitive debt plan generates zero incomes for borrowgys:; = 0 = Xf{ =0
for all j. Thus,A < 1= djt = O for each; andr.

Bulow and Rogoff (1989%mphasize this in the context of sovereign debt. If the borrower
is a sovereign contry, it is able to retain all investment income in default, so.tkaD.
Corollary lestablishes that their main proposition—that competitive trade in capital markets
cannot be sustained without default—is true whenaver1.

5. Sustainable paths
5.1. Debt

Lenders face one-period debt contracts and choose their savings. Borrowers face indi-
vidual debt plans, which specify borrowing and repayments. The two sides must balance in
the aggregate. A debt allocatidy is a list of savings and debt contracts for lenders, and
borrowing rights and debt plans for borrowers:

Bo = [{Si0, Vi1(); 0 <i < m}, {bjo, Zjo= (Djo, Vj1); m < j <1}]

such that

1
Sio= 0:bj0 € 0,1}, Djo = o,/ biodh > 0.

T

This allocation generates aggregate debt plan Zo = (Do, V1) = {(...,zx = (d;,
v+1), - - - }. The debt allocatioiBy is balanced if Zg satisfies

b4 1
/ Sit dh = d; = / djtbjt dh;
0 bid

T 1
/o Vi r+1(sit) 0 = v =/ v; s1+1bit dh;
T

for eachr > 0.
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A debt allocation can be sustained if lenders do not capture and borrowers do not default
at any point. We say that a debt allocatiBgis A-sustainable whenevgfg’ oitdh = 0 and
fﬂl Sitbjodh = 0 at each > 1.

We focus orproportional debt-allocations, where every designated lender gets a station-
ary proportion of the aggregate debt plan:

Djo=w;jDo; Vji=w;Vy; 1>w;jbjo>0.

Balance impliesf; w;bjodj = 1. Theorem Icharacterizes sustainable debt-allocations,
which restricts the associated aggregate debt ptan

Theorem 1 (Sustainable debt)Let By be a balanced debt allocation and Zg = (Do, V1)
the associated aggregate debt plan. By is A-sustainable only if

V1> A1+p)d, = Vi, =D, (SD)

= "t+1 t+1
at each r > 0. A balanced proportional debt allocation By is A-sustainable if it satisfies
(SD).

Proof. Let By be a balanced debt allocation. Frammma 1
Oir+1 = 06 v 11(si) = AL+ p)sit

for eachr > 0. By aggregation,
/ Oht dh =0 < Vg1 = )\.(1+ ,O)d[
0

FromLemma 2
8jir1=0¢ A=A+ p)dt < A+ p)Df = Vi

fort+ > 0. By aggregation,
1
/ Sbrodh = 1= (1— A+ p)d; < L+ p)D;F =V},

for eachr > 1. Further(1+ p)D;” = (1+ p) d, + D;’, , by definition. Substitution yields
(SD).

Suppose& satisfies §D), and individual debt plans are proportionalio = w; Zo. For
eachw; > 0, Z;q satisfies §D) if, and only if Zo does. O

The restriction to proportional debt allocations is important for the following reason. It
is possible to imagine situations wheZg is an increasing proportion &;: a borrower is
deterred from default by the prospect of an increasing market. This cannot be true for all
borrowers in the economy. Because of aggregate feasibility, other borrowers must face the
prospect of losing their market share, and may, then, have greater incentives to default.
This offers a slightly different interpretation @heorem 1 Suppose the aggregate debt
plan satisfies conditiorSD). Recall that the condition is necessary for sustainability, and
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cannot be weakened. The theorem displays that it is always possible to find a division of the
debt market among potential borrowers that sustains the plan. This division involves more
than an allocation of borrowing rights, because each designated borrower obtains the right
to service a fixed fraction of the population.

5.2. Allocations

An allocationCg is a complete set of consumption plans. FriBroperty 1it is feasible
whenever the aggregate consumption plan satisfg)bss eo. Not every such path can be
sustained by default-free debt. A feasible allocation&istainable if it can be financed by
aA-sustainable debt plarp.

We recall that a lender’s consumptiggis financed by repayments net of debt. Restric-
tions onZg imply constraints on their consumption plans. The restrict®D) On aggregate
debt constrains the aggregate consumption levels of lenders as followsg; be%r chy dh
be the aggregate consumption level of lenders. We have

ct<v—d;, for r>1

Feasible paths satisfy

1
¢ < keea(L+ p) — ks = di_a(L+ p) — dy + f 1L+ p) — Lddh:
e

forr > 1, and

1
Co—i—do—l-[ ljodj < eo.

T

Theorem ZXharacterizes-sustainable allocations.

Theorem 2 (Sustainable consumption) feasible allocation, Co, is A-sustainable if, and
onlyif Coo=1{...,cLt = fg citdi, ...} satisfies

(SC) Cjfy— (1 —A)ecro = rero+ Z < heo.

(1 + )’ -
Proof. We note thatly < eg — c0 becauseyo, kjo > O.
Suppose thatSC) fails, andC;;; > A(1+ p)(eo — cLo) = A(1+ p) do. Further,ci; <
—d, fort > 1. Thus,V;" — Df > C;}; > A(1+ p)do, and ED) fails ats = 0 for any
debt plan that finances;. This establishes the necessity 8€).
Suppose, next, thaf; o satisfies $C). We construct an aggregate debt-plag that
finances this path, and satisfi&b). Define

- Cch
A+ p)

Note that 6C) ensures: ;o + do < eo. Define

=A+pdi1-

CLt;
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) A CLt
di =0 —ct= A+ p)dr—1— 3

By recursion,

R 1 t R t . C+
d = A+ p) ado — Z CLi |- Srat >
A = Q+p) AL+ p)

Further,

3 — A1+ p)d,_1= (1 — M)d, > 0.
Finally,

ML+ p)di — (Vi = D) = L+ p)' (L + p)do — C/ 1) = 0.
This verifies thatZg satisfies $D), and proves the assertion. O
The set ofi-sustainable allocations exhibits some properties that are useful in further
analysis.
Coroallary 2 (Convexity). The set of A-sustainable allocation is convex.

(SC) is a linear restriction o', o, implying convexity.

Coroallary 3 (Monotonicity). The set of sustainable allocationsisincreasingin A.
Let 0 < A < A’ < 1. An allocation isk-sustainable whenever

C;1 < M1+ p)(eo — cr0).
We note thateg — ¢ 0 > O for feasible allocations, implying’ (1 + p)(eg — cro) >
A1+ p)(eo — cLo) > Cjy; itis necessarily.’-sustainable.
Corollary 4 (Positivity). Sustainable consumption paths for lenders are positivefor ¢t > 1
onlyif A > 0.

If » = 0, the condition £C) impIiesCZrl < 0, which impliesc ; = O forall¢ > 1.

6. Constrained efficiency

Sustainable allocations must satisfy a single constr&a, (vhich restricts the aggregate
consumption path of lenders. The set of such allocations is convex. An alloGatiisn
constrained efficient if it solves the program

max/ V(Cro)w(h)dF(h) (Pc)

subject to feasibility and-sustainability constraint&§ and SC). Solutions are second-best
paths, which may differ from first-best ones. We show,lieorem 3that a subset of efficient
allocations satisfy the constrair8C), and can thus be sustained by default-free debt.
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Along any efficient path,

* p—0 .
Cro =YL 1+peo,
i =ciol+6);
with
Jo @Y dh

f T ey dn

Theorem 3 (Some efficient paths are sustainabléh efficient allocation is A-sustainable
if, and only if
* A(p —0) .
€ro < ep 5
Al+p)+ 1 -2)(1+0)
thisistrue whenever

A1+ p)
A+pr+ Q-2+ 6)

v <g) =

Proof. We need to verify $C), which is true if, and only if

Along an efficient path¢), = (1 + 0)'cjy = Cjo = L+ p)/(p — 0)cjy = YLeo.
Substitution completes the proof, noting that- 6 from Assumption 3 O

From Corollary 4 a consumption plan for lenders is positive fram= 1 on only if
A > 0. Theorem 3stablishes that this condition guarantees that some efficient paths can be
sustained. We know that the set of sustainable allocations are monotanithis property
is inherited by their efficient subsets, @6.) increases witfi. It coincides with the set of
fully efficient allocations when = 1, becausg(l) = 1.

Corollary 5. The allocation C?, generated at a competitive equilibrium, is A-sustainable
if, and only if

ero < g(A)eo.

The allocation achieved by a competitive equilibrium correspongt te ey /ep. This can
be sutained it is small enough, or if. is large enough.

Corollary 1showed that the competitive debt contract cannot be sustaihed i; while
Corollary 5shows that the allocation is sustainable for sdme 1. This would appear to
be paradoxical. The solution lies in the nature of the debt contract supporting an allocation
in the presence of default possibilities. The competitive debtylés) = (1+ p) 4; is not
A-sustainable; however, a different debt contract, and associated plan, can support the same
allocation. We now consider the nature of debt-contracts that support default-free trades,
with particular attention to those that support fully-efficient allocations.
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7. Debt contracts and decentralization

We know that competitive equillibrium achieve efficient paths whenever 1. The
associated debt contracts are of the farin, = (1 + p)d;. Interest rates index the price
of bonds, and competition in capital markets drives the rate of interest to equal the highest
rate of return on capital. In this section, we ask whether it is possivle to decentralise con-
strained efficient allocations with < 1. FromTheorem 3 we know that some efficient
can be sustained by default-free trade as long as0, and also, that the associated debt
contarctsmust be different fromf.

We evaluate the possibility of decentralising such allocations in a private economy. Specif-
ically, we consider a candidate allocatiéh = [éh0§ 0 < h < 1] that is efficient and
A-sustainable, and construct a family of debt contracts and reallocation of initial endowments
and borrowing rights, that yields an equillibrium coionciding with the chosen allocation.

In doing this, we need to pay attention to the nature of debt contracts:these must generate
sufficient rents in order to deter default, as well as achieve efficient consumption smoothing
by borrowers and lenders. Borrowing generally generates rents, and borrowing rights need to
be resticted. They are given to the individuals with access to productive technology, and may
be further restricted as part of the penalty of default. The description of the economy must
account for these differential rights to borrow and lend, as well as endowment redistributions
familiar from classical welfare economics.

The private economy; = (A, V, W) is specified by

1. Adistribution of initial endowments
1
A= |:ah020§ O<h=<1l / ahodh§€0:|§
0

2. A set of debt contracts
V= [{vn41(s); s = 0}2q; 0 < h < 1];

3. An allocation of borrowing rights
1
W= whon;/ w;jdh=10<h<1],
0

with the exclusion penaltyy, ;+1 = (1—8nt)wp ;, Wheredy, = 1 indicates default by atr.

Indiviuals choose consumption and savings every period , borrowerswyith 0, also
choose their default decisioig € {0, 1}. An allocation ofCg is an equillibrium of this
economy if, and only if, there is no default , i&. = 0 at eachr > 1 whenevetw ;o > 0,
andCjo maximizes utility subject to budget and borrowing constraints for éa€o, 1].
Debt contracts’ are said to support an allocati@p if it is an equillibrium of some private
economy€ = (A, V).

7.1. Debt contracts

An economy& may have many equilibria; similarly, a candidate allocation may be an
equillibrium in more than one economy. Here, we provide a constructive argument to find
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an economﬁ, with debt contract®, that posses an efficient;sustainable equillibriurﬁ.
Efficiency implieschy = (1+6)"¢,0, andi-sustainability required; o < eg(A(1+p)/A(1+
P+ A-0A+6).

Supporting debt contract® must perform several functions. Lenders choose their con-
sumption path by maximizing utility, subject to budget constraints defined directly by debt
contracts. These consumption paths must coincide @ittenders’ choices of savings
generate an aggregrate debt plés that needs to be default-free. The incomes or fees,
generated by the debt contracts must be large enough to induce repayment. Finally, repay-
ment on debt has to finance current and future consumption, as well as promised fees.

Consider an allocatiofwith C; > 0. For alendet, facinguit(-), aconsumption path >
0 is individually rational only if it satisfies the first order condition for utility maximization

U'Ci) 01
U/(éi,t+l) od d=dit
at eachr > 0. Along an efficient path, at each
U'(Cir)
— =B+ p).
U'(Ci+1) P

We consider a class of debt contracts that meet this requirement by construction. Specifically,
these are debt contracts with lump-sum fees. An individistequired to pay a feei, if

she wishes to lend a positive amount at timérespective of the amount. The associated
debt contracts are

A+ p)di -1, ifdi; =0

- (d: 1) =
U:,I( i,t 1) (1+,0)di,l—1 — Xit, If di,t > O

at eachr > 1. Fees paid by lenders, and collected by designated borrowers. The typical
debt contract is in two parts, specifying the schedule of fées[ X;0; h € [0, 1]], and the
marginal rate of return on deld, We refer to these contracts H6Y< p). Debt contracts
are personalised, in that fees can vary across individuals or over time. They are independent
of the amounts actually lent; we note that the resulting debt contracts depedigs ow.

Lemma 3establishes the level of fees that is sufficient to deter default by borrowers.

Lemma 3 (Participation fees)A set of debt contracts with fees, V(&X, p) can support an
efficient allocation C only if X;0=1{..., fé’ xitdF (i), ...} satisfies

1—-2,+ 1—A1l+p,

= ¢
A T T g™

+
X =
ateachs > 1,whereéy = [ Citdh

Proof. The contracts’ imply the aggregate debt plafiy = (V1, Do) as follows. Let
aj = f(;T ahodh, and

do=ar —xp0—¢r0;  di = L+ p)dy—1 — x1t — éLes
Uy = (14 p)di—1 — x1t = d; + (ot
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We obtain

A4 +
5 CL,t+1 + XL,z+1
t —1+ P

for eachr > 0. Further,V,t — D = @:rt. Default-free trades requir&D) at eachr > 1,
implying

~+ At Iy At
CLt + XE — X = )\'(CLI + X;) > CLt'

The second inequality implie%;, > (1 — )L)//\)&ft. O

The minimum fee that deters default can be quite largeig near zero. The natural
question, then, is whether potential lenders will agree to pay this fee to participate in capital
marketsLemma 4derives a necessary condition for the participation.

L emma 4 (Participation). Let C be an efficient and A-sustainable allocation, with iy > 0
for eachi € [0, 7). This allocation can be supported by debt contracts with fees only if
D;o > Ofor eachi € [0, 7), implying

—97°
Ao > [L—p] Q.

Proof. We note, first, that € (0, 1] and(p — 6)/(1+ p) < 1. Thus, condition®) holds
trivally whenevets > 1.

The contracts) supportC only if C; is the optimal consumption path for individual
i. FromLemma 3 dj; = (X;:H + C;H)/(l +p) > (C;;/(l + p)). A strictly positive
consumption path impliefi.1 > 0 at each. We need to establish whether positive lending
is individually rational, given any path of fees satisfyir®p(.

For any individual, the choiceldiy = 0 at timer impliesc; ;+, = 0 forn > 1. The best

consumption path generated by zero savings is
Cit=1{(1+ p)d;;-1.0,...,0...}
The utility of this path is

U((l+p)di;—1, f0<o<1

V,(Cit) =
(Cit) o, ifo>1
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The utility of continuing with consumption plaﬁfh is

n A 1+
V(G0 = UG [—"} .
p—0
Lenders prefeti; > O if Vi(Cit) < V,(@it). This is necessarily true whenewer> 1. For
o < 1, we obtain

14 pj|1/1—o

Vi(Cit) < Vi(Cit) & 1+ p)di -1 < Cit [,0 —2

for eachi € [0, 7]. By aggregation,

L T14 Vi
(1+ p)di—1 < Cus [p _g] QD

FromTheorem Z&LO is A-sustainable only if
At
CLt S )\.(1 + ,O)d[_]_.
C is efficient, implying@; = @Lt[(l + p)/(p —0)], and

Cie<r(p—0)di-1 (Q2).

The inequalities @1) and Q2) imply (Q). To complete the proof, observe that> 1
implies Q) necessarily holds and also that> 0 at eachr. O

Condition Q) is necessary if two -part debt contracts are to support an efficient allocation.
As we note in the proof, this condition necessarily holds whenever1. The condition
fails if o < 1, and ifa is sufficiently small. Participation fees need to be largeid close
to zero. Lenders are unwilling to pay these fees if current consumption is close substitute
for future consumption which is true # < 1. We note, in passing, that conditioQ)
necessarily fails for each < 1 whenevew = 0, implying perfect substitution between
current and future consumption.

7.2. Decentralisation

We introduced a class of debt contracts with fee3)@s p). Here , we demonstrate that,
if (Q) holds, any allocatiog, that is efficient and.-sustainable can be supported by some
debt contract with fees.

Let C be an efficient and-sustainable allocation. Define a collection of entry fees as

1—2
( )éht; O<h<l t>0.

A

Xht =

The proposed debt contractlis= V(f\f, 0),i.e.

5 L+ p)dn,i-1. if dp, =0
" @+ )1 — Fn. i diy > O,
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at eachr. In Theorem 4 we show that) supports@ whenever conditionQ) holds: the
candidate allocation is an equillibrium of some econafnyvith a distribution of initial
endowments and borrowing rights, and the proposed debt contract.

Theorem 4 (Efficient debt contracts)Suppose (Q) holds. Let? = [éh0§ 0<h <1]bean
efficient, A-sustainable allocation. The debt contracts V = V(& p) support the allocation
C, with X1 = (1 —2)/M)Cha.

Proof. We have to demonstrate a distribution of endowmedtsnd borrowing rightsyV,
such thatC is an equillibrium of the econom§ = (A, V, W). Recall that the candidate
allocation satisfiegn; = (1 + 0)'¢po ander < g(A)¢;. Let

N 1—x,
Xno=10, C ;
hO { . hl}
andxi; = fJ xne dh. We note thai [, = (1 — 1)/M)[(1+0)/(p — 0)]¢L0. O
1. Initial allocation: Define an allocation of endowments, and borrowing rightsy) as:
0§i<JT:>12)i=0; &izéz—'i(_)_i_i?(_); nﬁjfliﬁy:%;
fﬂ chodh

aj=Cjo— X},
This redistribution is feasible, with, > 0 and[nl apodh whenevere; o < g(A)co. We
now consider equillibrium in the econongy= (A, V, W).

2. Consumption choices: lenders: Consider any individual with 0 < i < . The candidate
consumption patit;o exhausts her budget, and satisfies the first order conditions of
utility maximization wheneve€; ;11 > 0 = dit > (Xit/(1+ p)) > 0. Itis the optimal
consumption path for each such individual providgd> O at each. Suppose; ;_, =
¢ir—n for 1 < n < ¢, and individuali contemplateglj; = O: this deviation yields the
consumption patﬁ?it ={(1+ p)di;-1,0,...,0,...}, andd;; > O whenevelV; (@it) >
V,(Cit) at eachr. Observe thadl; ;_1(1+ p) = @:{ + f(f{ = ¢it(L+ p)/r(p — 6); and
that V;(Cit) = U (cit)(1 + p)/(p — 6). Further,

U(é,H—p), fo0<o <1

Ap —0)
—00, if o > 1.

V,(Cip) =

We obtain tha( Q) = dj; > 0; both are necessarily true whenever 1. Thus,éit is
individually rational for eachi € [0, =) whenever Q) is true.

3. Debt plans: Consider individualj € [r, 1]. He has access to the productive technology
which yields(1 + p)s > v;,41(s), and never chooses to lend, id. = 0 at eachr.
Aggregrate debt levels atk = fé’ dpy dh:

do =ar — Cro;
CLt

di =+ p)di—1 — ¢t — Fut = A+ p)di—1 — -
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This, withv,11 = (1 + p)d; — ((1 — 1)/A)cLt, defines the aggregate debt plan, which
generates fee incomes; o for borrowers. The debt-plan satisfies)) becausel, =
(c;F /A + p)), implyingv, > A(1+ p)d,_1 = V," — D;', and is therefore default-free.

4. Consumption choice: borrowers: Consider |nd|V|duay, withm < j < 1, and borrowing
rightw;. This right generates income; Xg of valueijg)L, and corresponding budget
constrainC;.L0 < aj+w;X{ . The efficient consumption plaf;; satisfies the first-order
conditions of utility maximization; and is budget feasible by construction.

From (2) and (4), the allocatiafy is individually rotational for each € [0, 1] whenever
(Q) holds. From (3), it is default-free. This completes the argument.

The fee that supports an efficient allocation has several characteristics. First, it is non-
anonymous. Two lenders may be charged different fees; and these fees are proportional to
their initial savings. Second, the fee income of borrowers is proportional to their share of
the debt market. Typically, then, an allocation of borrowing rights gives every borrower
a fixed share of the markeind the right to charge fees in proportion to this share. Fi-
nally, the fee increases overtime, being propotional to aggregate income, consumption, and
savings.

The fact that the fee is personalised is unpleasant, and it requires loss of anonymity,
Corollary 6establishes that some efficient allocations can be supported by anonymus debt
contracts.

Corollary 6 (Efficient anonymus contractsfuppose (Q) holds. Let X0 = Xo{0, (1 —
A)/nA)CLl} define an efficient allocation, Co, with &t = cLt/7.

FromTheorem 4an efficient allocation that satisfié’ﬁ) = éhO fori, h € [0, w) can be
supported by an anonymous debt conteact(s) = (1+p)s —x;41 Withx, = (l—A//\)éjt.
The anonymous contract set out@orollary 6is both feasible and efficient; it supports
allocations where all lenders have the same consumption paths. We not&Heamem 4
that this may need a redistribution of initial endowments.

Recall, fromCorollary 5 that a competitive equillibrium allocation lssustainable if
(er/eo0) < g(A). Typically, the supporting debt contracts are personalized, because initial
endowments of potential lenders are diverse.

8. Conclusions

e Thedebt contract: In Theorem 4we show that two-part pricing, consisting of a partici-
pation fee and a marginal rate of return on loans, can support all efficient and sustainable
allocations. A natural interpretation of this contract is that of “banking fees”. Depositors
pay fees to banks, who have the option of declaring bank failure. Banks compete for funds,
bidding up the deposits rate to Importantly, they take fees as given, and depositors are
aware that a cut in fees can trigger bank failures. Typically, the fee is non-anonymous,
i.e. depositor specific.

e Anonymity and debt markets: debt contracts that support constrained optima typically
involve lack of anonymity. As this provides natural difficulties of interpretation in decen-
tralization, we evaluate the possibility of anonymous two-part contract®iollary 6
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There, as inTheorem 4 lump-sum redistributions are necessary in the initial period.
Thes redistributions are necessary for efficiency, and ensure participation. Otherwise,
lenders with low endowments may choose not to save. We do not know, as yet, whether
anonymous, hon-linear contracts can support efficient allocations without redistributions.

e Two-part pricing is routinely used to achieve efficiency in economies with non-convex
technologies (e.gBrown (1991). It may appear that we use them for similar reasons.
This is not true: the set df-sustainable allocations is convex. The need for a fixed fee is a
direct consequence of the penalty of exclusion. Borrowers need to make rents every period
in order not to default. These rents can be generated in more than one way. Fixed fees can
generate rents for the borrower without doing violence to the marginal conditions for a
lender’s optimum. It is likely, then, that a similar construction suffices in other problems
involving moral hazard and the threat of termination, including “efficiency wages”, or
risk-sharing with storage.

e Optima and equilibria: We have looked for debt-contracts that support efficient alloca-
tions. Obviously, inefficient-sustainable allocations may be achieved by other contracts,
including more standard debt contracts of the type

vrpa(s) = (1 +7y)s.

In related work Dutta and Kapur (1998, 1999Wwe evaluate the restrictions on lending
ratesr, that correspond ta-sustainable debt-plans.
e Thetwo penalties: We note that niether penalty is redundant. In the absence of exclusion,
effective debt-contracts correspond to capture at each

vip1(s) = A1+ p)s;

which cannot support first-best pathg it~ 1. Capture is quite definitely non-redundant,
as the set of sustainable allocations increases monotonically \{@brollary 3; so does
the set of efficient sustainable allocatiomaéorem 4. FromCorollary 4 non-trivial debt
and consumption paths are impossiblg i 0.

e Endowments and sustainability: Our model is special in many ways. While some of
these simplify the problem, the endowment condition is critical in dedu).(We
assumez; = 0 for ¢+ > 1. This condition is useful in focusing attention on the need
for lending and borrowing; our characterization of the sustainability condition relies es-
sentially on this property. The general condition, which restiitts — E;1 similarly,
is valid for consumption paths that satisfy > e for + > 1. This is certainly true
if endowments do not increase too fast; modified versions of our results hold if en-
dowments growth is lower thaf, so that perpetual production is necessary to attain
efficiency. FurtherCorollary 4may fail with some endowment distributions, as we show
in Dutta and Kapur (1999}t is also possible thatorollary 2fails for some endowment
paths.
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